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ON MBTRLZATION AND DISCRETE COLLECTIONS OF POINT SETS 
D. Reginald Traylor 

Recently, Bing [2 ]  has formally r a i s e d  the quest ion as t o  whether t h e  

exis tence of a nonmetrizable normal Moore space implies t h a t  t h e r e  i s  a 

normal Moore space which contains  a d i s c r e t e  subset  with respec t  t o  which 

t h e  space is  not col lect ionwise normal. Following the convention of Bing, 

such a space i s  ca l led  a Counterexample of Type D. 

t h e  ex is tence  of a normal, l o c a l l y  compact, nonnietrizable Moore space 

Already known i s  t h a t  

implies t h e  ex is tence  of a Counterexample of Type D [12, Theorem 41, and 

t h a t  the  ex is tence  of a nornal ,  separable ,  nonmetrizable Moore space 

give the  same implicat ion E2, Theorem 31. 
- 

The primary purpose of  t h i s  paper is  t o  prove t h a t  there  is a 

Counterexample of Type D provided t h a t  t he re  e x i s t s  a normal, l o c a l l y  sep-  

a rzb le ,  nonmetrizable Moore space. 

t o  those es tab l i shed  by Grace (51, except t h a t  t h e  included r e s u l t s  a r e  

The r e s u l t s  of Theorem 1 a r e  s i m i l a r  

c a s t  i n  t h e  s e t t i n g  of a Moore space and o f f e r  hypotheses which are s t a t e d  

i n  terms of d i s c r e t e  co l l ec t ions  of point  sets. 

AMoore space is one which s a t i s f i e s  t h e  f i r s t  t h ree  p a r t s  of Axiom 1 

of [ll]. 

Eet r i za t ion  of normal Eoore spaces, r e f e r  t o  (11, [31,  141, [61, 171, [ S I ,  

For other  d e f i n i t i o n s  and r e s u l t s  r e l a t ed  t o  the  quest ion of 

Theorein 1. Suppose t h a t  S i s  a Xoore space and the re  e x i s t s  an open covering 

H of S such t h a t  i f  G is  a d i s c r e t e  co l l ec t ion  of point  s e t s  r e f in ing  EI, then 

t h e  boundary of G* is (s t roygly)  screenable.  Then S i s  (strongly) screenable .  
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H is  an open covering of S and, by [l', Theorem 91 ,  

sequence of d i s c r e t e  c o l l e c t i o n s  of closed sets such 

r e f i n e s  H, H * eontains'H* and 1 c- S. For each 

of Hi, l e t  g denote t h e  i n t e r i o r  of h i f  h conta ins  

each i, denote by Vi t h e  c o l l e c t i o n  t o  which v be- 

i+l i' 

h 

\ 

Proof. Suppose t h a t  

H1, H2, Hj, ... is  a 

that, f o r  each i, H i 

i and each element h 

an open subse t .  For 

longs i f  and only i f  gh * t h e r e  e x i s t s  an element h of H.  such t h a t  v = 
1 

Then V. is a d i s c r e t e  c o l l e c t i o n  of open sets. Denote by V' t h e  c o l l e c t i o n  
1 i 

i t o  which t h e  set  v belongs i f  and only i f  t h e r e  e x i s t s  an element h of H 

such t h a t  v i s  t h e  boundary of h. 

t i o n  of closed sets, V!* is t h e  boundary of HJS, and V p  + V;" conta ins  H+. 

From t h e  hypothesis of t h e  theorem, i t  follows t h a t  V i *  i s  ( s t rongly)  

screenable.  Thus, t h e r e  e x i s t s  a sequence U ... of (d i sc re t e )  

c o l l e c t i o n s  of mutually exc lus ive  open sets i n  S such t h a t  V'* is  covered 

It follows t h a t  VI is  a d i s c r e t e  co l lec-  
1 

1 1 1 

il* 'iz) 

i 
by 1 Ui and each U i s  a refinement of H. The sequences' {Vi}:: and 

j 
i 

j j  
'Eu, 1 ex3 - g ive  r ise t o  a sequence of c o l l e c t i o n s  of open sets sat- i=l, j=1 
. j  
i s f y i n g  t h e  d e f i n i t i o n  of (strong) sc reenab i l i t y .  

Theorem 2 .  Suppose t h a t  S is  a Moxe space which is  l o c a l l y  separable ,  

normal, and nonmetrizable. Then S is a Counterexample of Type D. 

Proof. 

separable  and by G a d i s c r e t e  c o l l e c t i o n  of po in t  sets such t h a t  G r e f i n e s  

H. 

normal wi th  respec t  t o  each uncountable d i s c r e t e  set. 

is an element of G and M i s  an  uncountable subse t  of x, then M is  not dis -  

ce.tEt. s i n c e  g i s  a subse t  of a separable  elem-ent of H. 

Denote by H an open covering o f  S such t h a t  each element of H is  

I f  S is not a Counterexample of Type D ,  then S i s  co l lec t ionwise  

It follows t h a t  i f  g 

Then each uncountable 



- 
subset  of 

s epar ab le. 

has a l i m i t  po in t  and by [11, Page 9, Theorem 221, g i s  completely 

Since G is  d i s c r e t e ,  t h e  boundary of G* i s  t h e  sum of t h e  boundaries of 

t h e  elements of G. I f  g is  an element of G, L e t  B(g) denote t h e  boundary 

of g. 

co l l ec t ion  of open sets covering S and denote by U a c o l l e c t i o n  of open sets 

covering S such t h a t  no element of U i n t e r s e c t s  two elements of G. Since 

B(g) i s  completely separable ,  t he re  exists a co l l ec t ion  H of open sets such 

t h a t  H is countable,  H covers B(g), and i f  P is  a point  of B(g) and 0 is  

an open set containing P,  then some element of H contains  P and i s  a 

To prove t h a t  t h e  boundary of G* is  screenable ,  l e t  V denote a 

g 

8 g 

g 
subset  of 0. Now denote by M a point  se t  su,ch t h a t ,  f o r  each element g of 1 

G,  M1 contains  exac t ly  one poin t  of B(g) and M is a subset of 1 B(g). It 
g€G 

1 

follows t h a t  M i s  a d i s c r e t e  poin t  set and, s ince  S is  col lect ionwise normal 1 
with respect t o  each such set ,  t h e r e  i s  a co l l ec t ion  W 

domains such t h a t  W r e f i n e s  U and W covers M If P i s  a point  of M B(g) 

fo r  some g ,  then some element h of H contains  P and is  a subset  of t h a t  ele- 

ment of W which contains  P. Denote by V t h e  c o l l e c t i o n  t o  which v belongs 

i f  and only i f  t he re  is  a point  P of M B(g) such t h a t  Y i s  h . 
M 

one point  of B(g)--V * ( i f  t h a t  set e x i s t s )  and M2 is  a subset  of 

As with M i t  follows t h a t  M is a d i s c r e t e  set and t h a t  t he re  e x i s t s  a 

of mutually exclusive 
M1 

1' 1 M1 M1 

P g 

1 M1 
Next, l e t  

1 P 
denote a point  se t  such t h a t ,  f o r  each element g of G ,  M contains  exac t ly  2 2 

1 B(g). 
gEG 1 

1' 2 

c o l l e c t i o n  V of mutually exclusive open s e t s  such t h a t  V2 covers M each 2 23 

1 element of V i s  an element of €1- f o r  some g of G ,  and no e l e m n t  of  V 
2 g 

is an element of V 

countable sequence (not neccessar i ly  simply i n f i n i t e ,  though the  construct ion 

Th i s  process coiittnued i n d e f i n i t e l y  gives  r ise t o  a 2' 

could have been defined t o  give such a sequence) V V2> ..., Vay -.. such 



t h a t  each.V is  a c o l l e c t i o n  of mutually exc lus ive  domains which r e f i n e s  

U and i t  is clear t h a t  t h e  sum of t he  elements of t he  c o l l e c t i o n s  of t h e  

sequence covers t h e  boundary of G*. That t he  sequence is only countable 

follows quickly from the  f a c t  t h a t  H 

U 

i s  countable f o r  each g. 
8 

This has e s t ab l i shed  t h a t . t h e  boundary of G* is  screenable  and, by 

Theorem 1, and E l ,  Theorem 81, S must be met r izable  and a con t r ad ic t ion  is  

reached t o  the  assumption t h a t  S is  not  a Counterexample of Type D. 

The s ta tement  t h a t  S s a t i s f i e s  a Sousl in  property l o c a l l y  means t h a t  

i f  P is  a poin t  of S then the re  e x i s t s  an open set 0 containing P such 

t h a t  0 does not  contain uncountably many mutually exclusive domains. 

Theorem 3 .  I f  S is a normal, nonmetrizable Moore space which s a t j - s f i e s  a 

Sousl in  p rope r ty ' l oca l ly ,  then S i s  a Counterexaxple of Type D. 

Proof. 

does not  conta in  uncountatly many mutually exclusive domains and l e t  G be any 

d i s c r e t e  c o l l e c t i o n  of po in t  sets r e f in ing  t h a t  open cover. It follows as i n  

Theorem 2 t h a t  t h e  c losu re  of each element of G must be completely separable  

Consider an open covering of S such t h a t  each element of t h a t  covering 

and t h i s  allows app l i ca t ion  of Theorem 1 t o  complete t h e  argument as i n  the  

preceding theorem. 
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